Abstract. A criteria on the vector-valued Banach function spaces X (B) is obtained so that whenever a vector-valued singular integral operator is bounded on X (B), it can be extended to be a bounded linear operator on the corresponding Morrey type spaces. Using this result, we define the generalized Triebel-Lizorkin-Morrey spaces and obtain the atomic and molecular decompositions. As a particular example of the generalized Triebel-Lizorkin-Morrey spaces, we introduce and study the variable Triebel-Lizorkin-Morrey spaces.
Introduction
The main result of this paper is the boundedness of vector-valued singular integral operators on weighted vector-valued Morrey spaces (see Definition 2.5). More precisely, we find that whenever a vector-valued singular integral operator is bounded on a Banach function space satisfying some mild conditions (see Definition 2.6), then this singular integral operator can be extended to be a bounded operator on the corresponding weighted vector-valued Morrey spaces. We call this result as the lifting principle for the weighted vector-valued Morrey spaces. The introduction of the lifting principle is motivated by the boundedness of the maximal operator on the Morrey spaces in [12] and the boundedness of singular integral operator on the Morrey spaces in [56] . For the statement and the proof of the lifting principle, see Theorem 3.1.
The notion of Morrey spaces is introduced in [54] to study the solutions of quasilinear elliptic differential equations by using their gradients. In [51, 52, 72] , a family of function spaces arising from combining the Littlewood-Paley characterization and Morrey spaces is used to study the solutions of some non-linear differential equations, in particular, the Navier-Stokes system in Morrey spaces [29, 40, 51] . The above result also inspires a substantial amount of researches on function spaces. For instance, using the ideas from the definition of Triebel-Lizorkin spaces [24, 73] and the boundedness of the maximal operator on Morrey spaces [12, 71] , Sawano, Tanaka, Tang, Wang and Xu [66, 71, 74] prove that the Triebel-Lizorkin-Morrey spaces (in [71, 74] , they are called as the Morrey type Besov-Triebel spaces) are well-defined and possess the atomic and molecular decompositions. Actually, it gives an affirmative answer to a conjecture proposed by Mazzucato in [52] .
In this paper, we consider an extended version of Morrey spaces, we called it the weighted vector-valued Morrey spaces (see Definition 2.5). The formulation of the weighted vector-valued Morrey spaces consists of four components. The first one is a general Banach function space. It plays the role of the Lebesgue spaces L p in the definition of Morrey spaces. The introduction of the weighted vector-valued Morrey spaces by using a general Banach function space is motivated by the results obtained in [32] . In [32] , we find that the study of Triebel-Lizorkin spaces can be generalized by replacing the Lebesgue spaces L p and the sequence spaces l q by rearrangementinvariant Banach function spaces (r.-i.B.f.s.) and sequence spaces with UMD property (see [9, 10] ), respectively.
To generalize the results in [32] to the weighted vector-valued Morrey spaces, two main features of r.-i.B.f.s. X are essential. The first one is the Hölder equality |E| = χ E X χ E X where E is a Lebesgue measurable set with |E| < ∞ and X is the associated space of X (see [7, Chapter 2, Theorem 5.2]). The second one is the notion of Boyd's indices (see [7, Chapter 3, Definition 5.12] ).
Even though the Boyd indices are not necessarily well-defined and the Hölder equality does not necessarily hold on a general Banach space, we obtain some useful extensions for these two properties of r.-i.B.f.s. We introduce the notion of tempered Banach function space in Definition 2.6 so that a generalized reverse Hölder inequality is obtained for the family B = {B(x 0 , r) : x 0 ∈ R n , r > 0} (see Proposition 2.4). The main application of the notion of Boyd's indices is on the mapping property of the dilation operator (D t f )(x) = f (tx), t > 0. For tempered B.f.s, we just have a similar mapping property for the characteristic function of B ∈ B only (see Proposition 2.5) . This is definitely weaker than the result for r.-i.B.f.s. but this weaker result is already strong enough to establish the lifting principle.
The second component for the weighted vector-valued Morrey spaces is a family of sequence spaces (see Definition 2.2). The family of sequence spaces {l q(x) ν } x∈R n given in [20] prompts the introduction of the family of sequence spaces used in this paper.
The underlying measure for defining the weighted vector-valued Morrey spaces is the weighted Lebesgue measures given by the Muckenhoupt A p weight functions. In order to identify the correct family of Banach function spaces associated with an A p -weighted Lebesgue measure, we are led to the notion of p-convexity. We find that when ω ∈ A p , the family of p-convex Banach function spaces shares some important features of the weighted Lebesgue spaces L p (ω) that are crucial on extending the boundedness of singular integral operators for B.f.s. to the corresponding weighted vector-valued Morrey spaces.
The final component is a "Morrey weight function". In the Morrey spaces, it is given by |B| 1 p show that once that particular singular integral operator is bounded, then the generalized Triebel-Lizorkin-Morrey spaces admit the atomic and molecular decompositions. This extends a line of researches on the atomic and molecular decompositions of several families of function spaces such as the Triebel-Lizorkin spaces [24, 73] , the Triebel-Lizorkin-Morrey spaces [52, 66, 74] , the Littlewood-Paley spaces [32] , the Triebel-Lizorkin spaces F α(·) p(·),q(·) (R n ) and the variable Triebel-Lizorkin spaces introduced in [20, 75] .
In order to demonstrate the use of the above results, we consider variable Morrey spaces and variable Triebel-Lizorkin-Morrey spaces. The variable exponent analysis recently gains a lot of attentions [4, 5, 14, 15, 17, 18, 19, 20, 21, 36, 41, 44, 49, 50, 57, 75] because the boundedness of several important linear operators in analysis, especially, the Hardy-Littlewood maximal operator, can be established for the variable Lebesgue spaces [14, 17, 19] . In addition, it provides a theoretical background on the studies of electrorheological fluid dynamics [1, 2, 61, 63, 64] and imaging processing [11] .
The variable exponent Morrey spaces is introduced in [4, 41] . An extension of Triebel-Lizorkin spaces with the Lebesgue spaces replaced by the variable Lebesgue spaces is given in [20, 75] . In this paper, we obtain a similar extension for Morrey spaces and Triebel-Lizorkin-Morrey spaces and this extension is achieved by using the lifting principle.
Section 2 presents some definitions introduced in this paper, including the notion of tempered Banach function spaces and the weighted vector-valued Morrey spaces. The main result is stated and proved in Section 3. For the rest of this paper, they are applications of the lifting principle. In Section 4, we have the application of the lifting principle on the Littlewood-Paley characterization of function spaces. Section 5 gives a general study on the generalized Triebel-Lizorkin-Morrey spaces. Section 6 delivers the results for an important example of the generalized Triebel-Lizorkin-Morrey spaces, the variable Triebel-Lizorkin-Morrey spaces.
Preliminarily results
We give some definitions and preliminarily results in this section. Let S (R n ) denote the class of tempered distributions and S(R n ) denote the class of Schwartz functions. Moreover,
We adopt the definition of quasi-Banach function spaces from [7, 58] .
If · X is a norm, X is a Banach space and for any ω-measurable set E with 
Kwok-Pun Ho
The following definition is inspired by the family of sequence spaces {l [20, p. 1737 ) ⊂ {{a i } i∈Z : a i ∈ C} and there exists a constant C > 0 independent of x ∈ R n such that for any k ∈ Z,
For any v.B.s. B = {B(x)} x∈R n , denote the class of B-valued ω-measurable functions by M(ω, B). More precisely,
Let B be a v.B.s. and ω be a measure on R n . Suppose that X is a q-B.f.s. on (R n , ω), define
We recall the well known definition of doubling measure from [13] . A measure ω on R n is said to be doubling if there exists a constant C > 0 such that
We state the definition of Muckenhoupt weight functions.
For any ω ∈ A ∞ and any Lebesgue measurable set E, write ω(E) =´E ω(x) dx. We have the following characterizations of A ∞ and A p weights. , r) ).
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For the proof of the preceding results, the reader is referred to [30, Theorem 9.3.3(d) and Proposition 9.1.5(9)].
We recall the notion of p-th power ( We need the notion of p-convexity to identify the appropriate B.f.s.
The notion of p-convexity 1 ≤ p < ∞ for Banach lattices was introduced in [45] . For the extension of the notion of p-convexity to quasi-Banach space, the reader is referred to [16, p. 156] . The following proposition gives a procedure to obtain an equivalent norm for a p-convex q-B.f.s.
is a lattice norm and is equivalent to · X p . Hence, X admits
as an equivalent lattice norm.
The proof of the above proposition is given by [48, Volume II, p. 54] and [58, Proposition 2.23] . We find that whenever X is p-convex, we can consider X as the 1 p -th power of the B.f.s. generated by the norm η [p] . Therefore, it gives an access to incorporate the Hölder inequality and the norm η [p] into the estimate of singular integral operators. For detail, the reader is referred to the proof of Theorem 3.1.
The final component for constructing the weighted vector-valued Morrey spaces is the family of Morrey weight functions given in the following definition. 
We denote the class of Morrey weight functions by W q,ω . where 0 ≤ λ(x) < n given in [4, Section 4] for the study of the variable Morrey spaces on bounded open sets of R n . Moreover, the above weight function is also used in [35] to study the weighted Hardy-Morrey spaces.
We are now ready to define one of the main families of function spaces considered in this paper, the weighted vector-valued Morrey spaces. [20, 24] . In fact, the notion of p-th power is an extension of the r-trick from Lebesgue spaces to B.f.s. The reader is referred to Section 5 for the details.
For any q-B.f.s. X , we denote the associate space (the Köthe dual) of X by X (see [58, p.35] ). We introduce an important notion used in this paper. 
is bounded on (X ) q for some q > 1. We define the supreme of those q > 1 such that the maximal operator is bounded on (X ) q to be e X and let the exponent of X , e X , be the conjugate of e X . That is,
When X is a rearrangement-invariant (r.-i.) q-B.f.s., the exponent of X is the upper Boyd index of X (see [55, Theorem 5] for quasi-Banach spaces and [7, Chapter 3, Definition 5.12 and Theorem 5.17] for Banach spaces). So, the notion of exponent can be considered as an extension of the notion of Boyd's indices to non-rearrangementinvariant q-B.f.s. The reader is also referred to [34] for a generalization of the Boyd indices to B.f.s and some of its applications such as the Fefferman-Stein vector-valued maximal inequalities and the Littlewood-Paley characterization of B.f.s.
Since the boundedness of M ω on (X ) q is equivalent to the boundedness of
r ω is bounded on X when 1 ≤ r < e X . In particular, M ω is bounded on X . This fact is used to obtain the following proposition. 
Proof. The first inequality follows from the definition of associate space. For the second inequality, we consider the projection operator P B (g), B = B(x 0 , r), x 0 ∈ R n and r > 0, defined by
As ω is a doubling measure, P B is uniformly dominated by the maximal operator M ω . Precisely, there exists a constant C > 0 such that for any B = B(x 0 , r), 
Proof. Since ω is a doubling measure, for any B = B(x 0 , r) ∈ B and j ∈ N, we have a constant C > 0 such that
Inequality (2.6) follows from the above inequalities. Finally, Proposition 2.4 and (2.6) yield (2.7).
The results in Propositions 2.4 and 2.5 for r.-i.q-B.f.s. are given in [33] . On one hand, the above estimate plays a decisive role on the establishment of the main result for the boundedness of singular integral operators on the weighted vector-valued Morrey spaces. On the other hand, it also justifies the introduction of the notion of exponent. Even though inequalities (2.6)-(2.7) are no longer valid for a general f ∈ X , the estimate of the characteristic function of B(x, r) based on the characteristic function of B(x, 2 j r) is sufficient to obtain our main result. The subsequent proposition shows that M X ω,u contains the collection of simple functions if ω belongs to A ∞ . Thus, in the following sections, we only pay our attention to those weighted vector-valued Morrey spaces associated with A ∞ -weighted Lebesgue measures.
. Thus, Theorem 2.1, inequality (2.7) and the definition of W pe X p ,ω offer a q > 0 satisfying 1 ≤ q < e X p and λ <
for some C > 0 independent of k. As u satisfies (2.5), the above inequalities assure that χ E ∈ M X ω,u . We show the applications of Proposition 2.6 in Lemma 4.1 for the LittlewoodPaley characterization of function spaces and in Lemma 5.3 for the convergence of the ψ transform.
The lifting principle
The study of linear operators on Morrey spaces using interpolation is obtained in [59, 60, 68, 69, 70] . Using the idea from the boundedness of the Hardy-Littlewood maximal operator on Morrey spaces [12] , the boundedness of the singular integral operators on Morrey spaces is obtained in [53, 56] .
The investigation of the vector-valued singular integral operators is started in [6] . The reader is referred to [8, 9, 10, 28, 62] for the development of the theory of vector-valued singular integral operators.
One of the main results of this paper is the boundedness of singular integral operators on weighted vector-valued Morrey spaces. We begin with the definition of v.B.s.-valued singular integral operators.
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In order to simplify the presentation, we introduce the following notations. 
The following is our main result. It is inspired by the results in [56, Theorems 1 and 2] and some similar results are obtained in [65] . It shows that any v.B.s.-valued singular integral operator which is bounded on the B.f.s. can be defined and, moreover, is bounded on the corresponding weighted vector-valued Morrey spaces.
. Since u satisfies (2.5), taking supreme over x 0 ∈ R n and r > 0, we find that
for some constant C > 0. Hence, we assert that
As s ≤ p, the Hölder inequality yields
where θ is the conjugate of θ. The Hölder inequality on the lattice norm η [p] (see [7] , Chapter 1, Theorem 2.4) gives
where η [p] is the associate norm for η [p] (see [7, Chapter 1, Definition 2.1]). Since η [p] is an equivalent norm of · X p , η [p] is also equivalent to · (X p ) . Thus,
By multiplying χ B(x 0 ,r) on both sides of (3.1), and, then, applying the norm · X s on both sides of the resulting inequality, we obtain
). Thus, the belonging ω ∈ A p ⊆ A θ and inequality (2.7) yield
where we used (2.2) for the last inequality.
As
) and the constant C > 0 on the above inequalities is independent of x 0 and r, the lifting principle is established by taking supreme over x 0 ∈ R n and r > 0 on the above inequalities.
In order to show that the generalized Triebel-Lizorkin-Morrey spaces are welldefined, we need to apply the lifting principle to a family of singular integral operators on X s , 0 < s ≤ 1. This is the reason why we consider the function spaces X s , 0 < s ≤ 1, in the lifting principle instead of X . Especially, when X is a Lebesgue space, the above technique becomes the r-trick. The reader is referred to Section 5 for the details.
Here are some straightforward applications of the preceding theorem. The following result is an application of Theorem 3.1 to [48, Volume II, Theorem 1.f.14] (see also [45] ).
Similarly, we have the subsequent vector-valued inequalities on Morrey spaces. 
The lifting principle gives us an access to investigate the weighted vector-valued Morrey space through the results from the corresponding vector-valued Banach function spaces. For the rest of this paper, we use the lifting principle to introduce and study some new Morrey type spaces related to several Banach function spaces appeared in [4, 5, 20, 24, 25, 26, 32, 35, 41, 42, 43, 44, 47, 52, 56, 66, 67, 71, 73, 74, 75] .
We present the Littlewood-Paley characterization of Morrey type space in the subsequent section. We use the lifting principle to introduce and study a generalization of Triebel-Lizorkin-Morrey space in Section 5. Finally, we apply the results in Section 5 to study the Morrey space with variable exponent in Sections 6.
Littlewood-Paley characterization
As the first "non-straightforward" application of the lifting principle, we consider the Littlewood-Paley characterization of function spaces. In this section, we extract the conditions imposed on the B.f.s. X so that the corresponding weighted vectorvalued Morrey spaces M 
is an equivalent norm of · X .
Note that a necessary condition for X possessing the Littlewood-Paley characterization is the boundedness of the operator G ϕ : X → X (l 2 ). In addition, a sufficient condition for X having the Littlewood-Paley characterization is the boundedness of the operators G ϕ and its adjoint G *
, ξ = 0 whereφ andψ are the Fourier transforms of ϕ and ψ, respectively. Using the Littlewood-Paley analysis [31] , the adjoint operator of G ϕ (with respect to the Lebesgue measure) is defined by
We need to impose a stronger condition on the B.f.s. X in order to overcome a technical obstacle on establishing the Littlewood-Paley characterization of M We write (ω, u, X ) ∈ P p if X is of polynomial growth and (ω, u, X ) ∈ M p .
For example, according to (2.6), if X is a tempered B.f.s., then X is of polynomial growth. Furthermore, as long as the maximal operator is bounded on X q for some 0 < q < ∞, X is of polynomial growth. The proof of this assertion follows from the proof of Proposition 2.5. For brevity, we leave the proof to the reader.
Proof. From the proof of Proposition 2.6, for any r > 0, we have
2)-(3.4), we find that for any ϕ ∈ S (R n ) and 0 < α < 1, there exists a constant C > 0 such that
Then, (3.5)-(3.6) guarantee that f ∈ S (R n ) with order zero where we use the notion of order for Schwartz distribution introduced in [31] . Furthermore, according to [31, 
Thus, we have a q satisfying 1 < q < e X p and 0 < λ <
Subsequently, Proof. The kernel of the operator G ϕ , K(x, y) = {ϕ j (x − y)} j∈Z satisfies for any m ∈ N, there exists a C > 0 such that
for all x, y ∈ R n , x = y. Thus, Theorem 3.1 and the boundedness of G ϕ on X establish the embedding M
Similarly, as the kernel of G * ϕ also satisfies (4.2), Theorem 3.1 asserts that
In view of the Littlewood-Paley analysis [31] and the fact that M 
follows from the proof of [47, Theorem 3.1] . For the boundedness of G * ϕ , we find that
where p is the conjugate of p. In view of the fact that ω
we obtain the boundedness of G * 
Generalized Triebel-Lizorkin-Morrey spaces
The second application of the lifting principle is a study of a family of function spaces defined via the Littlewood-Paley function. We call them the generalized Triebel-Lizorkin-Morrey spaces.
The conjecture from [52] inspires a new direction of researches for function spaces. More precisely, the study of Triebel-Lizorkin spaces can be combined with Morrey spaces to produce the Triebel-Lizorkin-Morrey spaces [52, 66, 71, 74] which are generalizations of Triebel-Lizorkin spaces and Morrey spaces. In this section, we further extend these generalizations by introducing the generalized Triebel-LizorkinMorrey spaces.
We apply the lifting principle to show that if X satisfies some vector-valued inequalities, then the generalized Triebel-Lizorkin-Morrey spaces are well-defined. We extend our analysis by considering the quasi-Banach function space X p , 1 < p < ∞. To show that the generalized Triebel-Lizorkin-Morrey spaces associated with X p is well-defined, it requires the validity of a family of vector-valued inequalities on X s for 0 < s ≤ 1. At the end of this section, we obtain the atomic and molecular decompositions for the generalized Triebel-Lizorkin-Morrey spaces.
We now state the definition of the generalized Triebel-Lizorkin-Morrey spaces. 
The assumptions imposed on the pair (ϕ 0 , ϕ) can be relaxed so that the Littlewood-Paley analysis is valid and the family of function spaces F B q M X r ω,u r (Φ) is independent of (ϕ 0 , ϕ). For the sake of brevity, we skip the details and refer the reader to [24, 25, 31] .
The above definition encompasses several "Triebel-Lizorkin-Morrey" type spaces. Obviously, it covers the classical Triebel-Lizorkin space [73] and the function spaces studied in [20, 52, 66, 71, 74, 75] . It also includes some non-Triebel-Lizorkin-Morrey type spaces. For instance, the family of generalized Triebel-Lizorkin-Morrey spaces covers the inhomogeneous version of the Littlewood-Paley spaces associated with r.-i.q-B.f.s. introduced in [32] .
In order to have a well defined definition for F Definition 5.3. We say that (ω, u, X , B 1 , B 2 ) belongs to V p if (ω, u, X ) ∈ M p and there exist a constant C independent of x, y ∈ R n and a bounded non-negative function γ(x, y) so that for any x, y ∈ R n with x = y,
y).
Notice that we can take γ(x, y) ≡ 0 if and only if there exists a Banach sequence space B such that B(x) = B for all x ∈ R n . Moreover, as long as we have
for some C > 0. If there is a constant B > 0 so that
, then there exists a constant A > 0 such that
With the above estimate, Theorem 3.1 offers us our desired result. 
with a −1 = 0, 
(Φ), applying the above inequality with f 0 = ϕ 0 * f + ϕ 1 * f and [66, 71, 74] are well defined.
Notice that the drawback of Theorem 5.2 is the restriction q = r = 1. That is, the "function space" component and the "sequence space" component of F We use the ϕ-ψ transform introduced by Frazier and Jawerth in [22, 23, 24, 25] .
We recall the definition of the inhomogeneous ϕ-ψ transforms from [24, Section 12] .
Let 
In order to study the ϕ-ψ transform, we need to introduce the sequence space associated with F X r , respectively. To study the case 1 < q, r < ∞, it requires a stronger condition imposed on the B.f.s. and the v.B.s., we call that the admissibility condition.
We introduce some notations used to formulate the admissibility condition. Let 
for some C > 0; and (2) for any > 0, there exists C > 0 independent of x ∈ R n so that (2) of Definition 5.6 with θ = β = α.
The admissibility condition also reveals the reason why we consider X s with 0 < s ≤ 1 instead of X in the lifting principle, Theorem 3.1.
The introduction of condition (1) in the preceding definition is motivated by [20, Theorem 3.2] . For condition (2) , it is related to an obstacle arising from the definition of the ψ-transform. The ψ-transform is defined by an infinite series while the convergence of this series is not guaranteed. The subsequent result overcomes this difficulty by showing that whenever (X , B) is admissible, the series used to define the ψ-transform converges in S (R n ). 
where M is the constant given in Condition (1) of Definition 5.6.
Multiplying s Q on both sides of the above inequality and, then, taking summation over Q ∈ Q, we obtain
An estimate from [24, p. 50] assures that
. Inequalities (2.1) and (5.5) assure that
For any 1 < q, the boundedness of ← − S β on B is equivalent to the boundedness of
. Using Condition (1) of Definition 5.6 and Lemma 5.1, we obtain
Proposition 2.6 guarantees that Q∈Q |s Q ||g * ψ Q | is finite almost everywhere. Therefore, f is a well-defined tempered distribution.
Recall that in the lifting principle, we consider the family of function spaces X s , 0 < s ≤ 1, instead of X . As claimed at the end of Section 3, it is related to the r-trick. In fact, the admissibility condition is defined in order to incorporate the r-trick to our study of F
. The following theorem reveals in detail on how to integrate the lifting principle, the admissibility condition and the r-trick together to show the boundedness of the ϕ-ψ transform.
is bounded and the ψ-transform
.
Using the idea from Peetre's inequality (see [22, 
. Therefore, the admissibility condition and Lemma 5.1 conclude that
We consider the ψ-transform. 
As (X , B) is admissible, R and L are bounded uniformly on B. Thus, Lemma 5.1 ensures that
With the boundedness of the ϕ-ψ transform, the rest of the proof follows from some simple modifications of the arguments from [24, Theorem 2.2]. For the sake of brevity, we leave it to the reader.
The following presents another application of the ϕ-ψ transform. We show that F 
).
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Proof. We find that · 1/q B q satisfies the triangle inequality. Since
is a quasi-norm, Aoki-Rolewicz theorem (see [39, Theorem 1.3] ) provides a ρ > 0 so that
As X is complete, the completeness of M X r ω,u r follows from a simple modification of the classical Morrey space (see [46, Section 4.4] ). In view of the assumption
< ∞ and the sub-additive of · 1/q B q , we conclude that
) and satisfies
is also a quasi-Banach space.
Proof. Let ρ be the constant given in Lemma 5.5. For any Cauchy sequence c i = {c i,Q } Q∈Q , i ∈ N∪{0}, without loss of generality, we can assume that
We have
). As dyadic cubes with equal Lebesgue measure are either disjoint or identical, we conclude that
is well defined. Thus, for any Q ∈ Q,
exists. In view of (5.6), we obtain
as i goes to infinity. We now turn to the completeness of F 
where Φ = (ϕ 0 , ϕ) satisfies the conditions in Definition 5.2. Furthermore, using the idea from Peetre's inequality again, when m is large enough, we find that 
where J = max(M, n + Γ) s 0 max(q, r, 1) and N = [J − n − qβ].
, we have J = n min (1,p,s) and N = [J − n − α] which are precisely the results given in [24] . . We find that |ϕ ν * f (x)| ≤ I ν + II ν where
When ν ≤ µ, according to [24, Lemmas 3.6 and B.1], we assert that
For II ν , we obtain
where h is slightly less than min(
We have the last inequality because
Similarly, when µ ≤ ν, we have
Thus, when q ≥ 1. Thus, the admissibility condition yields the convergence of the molecular expansion and inequality (5.7).
Function spaces of variable smoothness and integrability
One of the pioneer studies of the variable exponent analysis is [44] . The main family of function spaces considered in [44] is the variable Lebesgue spaces. 
The variable Lebesgue space is a Banach space when 1 ≤ p(x) ≤ ∞ (see [44, Theorem 2.5] ). The following is a fundamental result for variable Lebesgue spaces given in [44, Theorem 2.6] .
We call p (x) the conjugate function of p(x). The monotone convergence theorem shows that L
One of the important breakthroughs on the variable exponent analysis is the establishment of the boundedness of the maximal operator on variable Lebesgue spaces given in [15, 17, 57] . The following gives the condition on the exponent functions of the variable Lebesgue spaces L 
For any Lebesgue measurable function
The succeeding result is now a well-known fact. For the proof of the following theorem, the reader is referred to [15, 17, 57] .
The above result provides an access for us to apply the results from the previous sections to L
The final assertion follows from the fact that the Lebesgue measure belongs to A 1 and L
We provide two remarkable properties for the variable Lebesgue spaces based on the results from Section 5.
is a tempered B.f.s., Proposition 2.4 and the fact that
guarantee the validity of the first inequality in (6.1). In fact, the weighted version of the above result is also valid if we apply the lifting principle to the corresponding results in [42] . For brevity, we leave the details to the reader.
The following theorem is a consequence of Corollary 4.3. It gives an extension of the result in [20, Theorem 4.2] 
possesses the Littlewood-Paley characterization. We adopt the Standing Assumption introduced in [20] for the study of variable Morrey spaces.
and that lim x→∞ α(x) exists. We write (p, q, α) ∈ S if they satisfy the Standing Assumptions.
} x∈R n . Moreover, let α be as in the Standing Assumptions, we define
is a family of variable Banach sequence spaces.
. Therefore, (5.1) is fulfilled with γ(x, y) = 0. If q(x) < q(y), then Hölder's inequality guarantees that
. Moreover, |x − y| We give the definitions of variable Triebel-Lizorkin-Morrey spaces and the corresponding sequence spaces. On one hand, the family of variable Triebel-Lizorkin-Morrey spaces is an extension of the Triebel-Lizorkin-Morrey spaces in [52, 66, 71, 74] . On the other hand, it generalizes the function spaces in [20, 75] by replacing the underlying variable Lebesgue spaces by variable Morrey spaces.
As shown in Section 5, we need an analogue family of sequence spaces for the variable Triebel-Lizorkin-Morrey spaces. Proof. According to [20, Theorem 3 .2], we have
whenever m > n. Furthermore,
We have the last inequality because [20 Consequently, inequality (6.2) guarantees that
We find that (L Using the results from Section 5, we obtain the following theorems. and the analysis of the convergence of the refined molecular expansions will appear elsewhere.
